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Abstract. We present the classification of all real hypersurfaces in complex hyperbolic 
space Cif ", n > 3, with three distinct constant principal curvatures. 



1. Introduction 

The aim of submanifold geometry is to understand geometric invariants of submanifolds 
and to classify submanifolds according to given geometric data. In Riemannian geometry, 
the structure of a submanifold is encoded in the second fundamental form and its geometry 
is controlled by the equations of GauB, Codazzi and Ricci. The situation simplifies for 
hypersurfaces, as the Ricci equation is trivial and the second fundamental form can be 
written in terms of a self-adjoint tensor field, the shape operator. The eigenvalues of the 
shape operator, the so-called principal curvatures, are the simplest geometric invariants of a 
hypersurface. Two basic problems in submanifold geometry are to understand the geometry 
of hypersurfaces for which the principal curvatures are constant, and to classify them. 
Elie Cartan proved that in spaces of constant curvature a hypersurface has constant 
principal curvatures if and only if it is isoparametric. The classification of isoparametric 
hypersurfaces has a long history and over the years many surprising features have been 
discovered, see jTU] for a survey. 

Using the GauB-Codazzi equations, Elie Cartan [7j also proved that the number g of 
distinct principal curvatures of an isoparametric hypersurface in the real hyperbolic space 
Mif" is either 1 or 2. This easily leads to a complete classification: geodesic hyperspheres, 
horospheres, totally geodesic hyperplanes and its equidistant hypersurfaces, tubes around 
totally geodesic subspaces of dimension > 1. As a consequence, all hypersurfaces in real 
hyperbolic spaces with constant principal curvatures are open parts of homogeneous hy- 
persurfaces. 

In this paper we deal with the classification problem of real hypersurfaces with constant 
principal curvatures in complex hyperbolic spaces. We briefly describe the current state 
of the problem. Obviously, any homogeneous real hypersurface has constant principal 
curvatures. The first author and Tamaru jH] derived recently the complete classification of 
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homogeneous real hypersurfaces in Cif". The number g of distinct principal curvatures of 
all these homogeneous real hypersurfaces is either 2,3,4 or 5. No examples are known of 
real hypersurfaces with constant principal curvatures in CH"' which are not an open part 
of a homogeneous real hypersurface. It is also not known whether for any real hypersurface 
with constant principal curvatures in CH"' the number g of distinct principal curvatures 
must necessarily be 2,3,4 or 5. 

From the Codazzi equation one can easily deduce that g > I (see Corollarv 12. 3|) . It 
follows from work by Montiel that every real hypersurface with two distinct constant 
principal curvatures in complex hyperbolic space CH", n > 3, is an open part of a geodesic 
hypersphere, of a horosphere, of a tube around a totally geodesic CH"^^ C CH", or of a 
tube with radius ln(2-|-v^) around a totally geodesic MH" C CH". For n = 2 this problem 
appears to be still open. In Corollary 12.41 we present a proof for this classification which 
includes this low- dimensional well. All these real hypersurfaces are homogeneous 

Hopf hypersurfaces. If ^ is a (local) unit normal field of a real hypersurface M in a 
Hermitian manifold M, and J denotes the complex structure of M, then the Hopf vector 
field is tangent to M everywhere. The hypersurface M is said to be a Hopf hypersurface 
if the integral curves of are geodesies in M. If M is a Kahler manifold this is equivalent 
to the condition that is a principal curvature vector of M everywhere. 

The first author obtained in [J the classification of all Hopf hypersurfaces with constant 
principal curvatures in CH". Any such hypersurface is an open part of a horosphere, of a 
tube around a totally geodesic CH^ C CH" for some k E {0, . . . , n— 1}, or to a tube around 
a totally geodesic M.H" C CH". All these tubes and the horospheres are homogeneous 
hypersurfaces and satisfy g G {2,3}. But not all homogeneous real hypersurfaces in CH" 
are necessarily Hopf hypersurfaces, see j2| for the construction of the following examples. 

Let KAN be an Iwasawa decomposition of SU{l,n), the connected component of the 
isometry group of CH". The solvable Lie group AN acts simply transitively on CH". The 
Riemannian metric on CH" therefore induces in a natural way an inner product on the Lie 
algebra a© n of AN. The nilpotent Lie group is isomorphic to the {2n — l)-dimensional 
Heisenberg group, and the orbits of the action of A^ on CH" give a foliation by horospheres. 
The Lie algebra n of A^ is a Heisenberg algebra and has a natural orthogonal decomposition 
n = 3 © 0, where 3 is the one-dimensional center of n. Let tx) be a linear hyperplane of 
D. Then a © 3 © ro is a subalgebra of o © n of codimension one. The corresponding 
connected Lie subgroup of AN therefore induces a foliation on CH" by homogeneous 
hypersurfaces. None of these homogeneous hypersurfaces is a Hopf hypersurface. Exactly 
one of the orbits is minimal and has a simple geometric description. Consider a totally 
geodesic Rif^ C CH'^ C CH" and pick a horocycle 7 in Mif^. At each point p G 7 
we attach the totally geodesic complex hyperbolic hyperplane which is tangent to the 
orthogonal complement of the complex span of the tangent line to 7 at p. In this way we 
obtain a ruled real hypersurface W"^"'^ in CH". This hypersurface W"^"'^ is congruent to 
the unique minimal orbit in the above foliation. As can be seen from the construction, 
the other homogeneous hypersurfaces in the foliation are geometrically the equidistant 
hypersurfaces to W"^"'^. 
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It was shown in [2] that each of these homogeneous hypersurfaces has three distinct 
constant principal curvatures. Saito claims in [Hj that every real hypersurface with three 
distinct constant principal curvatures in CH"' is a Hopf hypersurface, and hence the as- 
sumption in [1^ on the Hopf hypersurface would be redundant. The above examples show 
that this is not true. 

The construction of VT^""^ can be generalized in the following way. Consider a totally 
geodesic M.H'''^^ C Cif", 1 < k < n — 1, and fix a horosphere H in WH'^^^. At each point 
p & H we attach the totally geodesic <CH^~^ which is tangent to the orthogonal complement 
of the complex span of the tangent space to H at p. In this way we obtain a (2n — k)- 
dimensional ruled minimal submanifold W'^^~^ in Cif" with totally real normal bundle of 
rank k. In terms of the above Iwasawa decomposition, denote by o G Cif" the fixed point 
of the action of the compact group K on Ci7". Then W'^'^~^ is holomorphically congruent 
to the orbit through o of the closed subgroup of AN with Lie algebra a©3 © tn, where vo is 
the orthogonal complement in of a real subspace of D. For = 1 we just obtain the above 
ruled real hypersurface. For k > 1 the tubes around W'^^~'^ are homogeneous hypersurfaces 
(see 0) and hence have constant principal curvatures. The number of distinct principal 
curvatures is four except for the radius r = ln(2 + -\/3), where there are just three distinct 
principal curvatures. 

In this paper we obtain the classification of all real hypersurfaces in Cif " with three 
distinct constant principal curvatures . 

Theorem 1.1. Let M be a connected real hypersurface in CH^, n > 3, with three distinct 
constant principal curvatures. Then M is holomorphically congruent to an open part of 
one of the following real hypersurfaces: 

(a) the tube of radius r > around the totally geodesic CH^ C CH'"' for some k G 
{l,...,n-2}; 

(b) the tube of radius r > 0, r 7^ ln(2 + v^), around the totally geodesic Mif" C Cif"; 

(c) the ruled minimal real hypersurface W'^"''^ C CH"', or to one of the equidistant 
hypersurfaces to W'^"~^ ; 

(d) the tube of radius r = ln(2 + y^) around the ruled minimal submanifold W"^"'^ C 
Cif" for some /c G {2, . . . , n — 1}. 

For n = 2 the problem remains open. The hypersurfaces in (a) and (b) are Hopf 
hypersurfaces, the hypersurfaces in (c) and (d) are not Hopf hypersurfaces, and all of them 
are homogeneous. For the proof, we first derive some rigidity results of the ruled minimal 
submanifolds W'^"'~^ in terms of certain geometric data. In view of the known classification 
of Hopf hypersurfaces with constant principal curvatures in CH"' (see P), we may assume 
that M is not a Hopf hypersurface. Using the GauB-Codazzi equations and Jacobi field 
theory we then show that one of the focal sets or equidistant hypersurfaces of M has these 
geometric data. 

We briefly describe the contents of this paper. In Section |21 we derive from the GauB- 
Codazzi equations some basic formulae for real hypersurfaces in CH" with constant prin- 
cipal curvatures, and settle the cases g < 2. The above mentioned rigidity results for 
the ruled minimal submanifolds are proved in Section 01 In Section 0] we determine the 
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principal curvatures and some other geometric data for real hypersurfaces in CH"' with 
three distinct constant principal curvatures. Using Jacobi field theory we then proof the 
classification result in Sectional 

The second author has been supported by project BFM 2003-02949 (Spain). 



2. Preliminaries 

We denote by Cif" the n-dimensional complex hyperbolic space equipped with the Fubini 
Study metric (■, ■) of constant holomorphic sectional curvature —1. We assume n >2 and 
denote by V and R the Levi Civita covariant derivative and the Riemannian curvature 
tensor of Ci^", respectively, using the sign convention Rxy = [Vx, Vy] — V[x,y]- Then 

RxyZ = -i (^{Y, Z)X - {X, Z)Y + ( jr, Z)JX - ( JX, Z)JY - 2( JX, Y)JZ^ , 

where J is the complex structure of CH"-. We also write Rxyzw = {RxyZ, W). 

Let M be a connected submanifold of Cif". We denote by V and R the Levi Civita 
covariant derivative and the Riemannian curvature tensor of M, respectively. By TM and 
i/M we denote the tangent bundle and the normal bundle of M, respectively. By r(TM) 
and r(z/M) we denote the module of all vector fields tangent and normal to M, respectively. 
Let X, Y,Z,W e r(TM) and ^ E T{uM). 

The Levi Civita covariant derivatives of M and Cif " are related by the Gaufi formula 

VxY = VxY + II{X,Y), 
where // is the second fundamental form of M. The Weingarten formula is 

= -S^X + Vie, 

where denotes the shape operator of M with respect to ^ and V"*" is the induced 
covariant derivative on uM. The second fundamental form and shape operator are related 
by {S^X,Y) = {n{X,Y),C,)- If M is a real hypersurface and ^ is a unit normal vector 
field on M, we often write S instead of 5*^. The fundamental equations of second order of 
interest to us are the GauB equation 

Rxyzw = Rxyzw - {n{Y, Z), //(X, W)) + (//(X, Z), n{Y, W)) 

and the Codazzi equation 

RxYZi = ((vi//)(r,z) - (v^//)(x,z),e), 

where the covariant derivative of the second fundamental form is given by 
(Vi//)(F, Z) = Vj,II{Y, Z) - n{VxY, Z) - II{Y, VxZ). 
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If M is a connected real hypersurface of Cif" and ^ is a global unit normal vector field 
on M, the equations simplify to 



We assume from now on that M is a connected real hypersurface of Cif" with constant 
principal curvatures. For each principal curvature A of M we denote by Tx the distribution 
on M formed by the principal curvature spaces of A. By r(Tx) we denote the set of all 
sections in Tx, that is, all vector fields on M satisfying SX = XX. 

The Codazzi equation readily implies 



Assume that A, = Xj = Xk in the previous lemma. Then Rxyzs, = for all X,Y, Z G 
T{TxJ. Choosing Z = X we get = {JX,Y){X, for all X,Y e T{TxJ, which implies 
= 4(X, JO RxYZi = {JY, Z) {X, Ji)^ for all X,Y,Z e T{Tx,). Thus we'have proved the 
following 

Lemma 2.2. If the orthogonal projection of J^p onto Tx^P) is nonzero at p & M, then 
Txiip) is a real subspace ofTpCH'^, that is, JTxXp) C T^,{p), where T^^{p) is the orthogonal 
complement of Tx-{p) inTpCH"'. 

This immediately implies 

Corollary 2.3. The number g of distinct principal curvatures of M satisfies g > 1. 

Corollary 2.4. (Montiel 8J for n > 3) Let M be a connected real hypersurface in Cif", n > 
2, with two distinct constant principal curvatures. Then M is holomorphically congruent 
to an open part of a horosphere in CH"", or of a geodesic hypersphere in CH"', or of a tube 
around a totally geodesic CH""^^ C CH"", or of the tube with radius r = ln(2 + y^) around 
a totally geodesic MiJ" C CiJ". 

Proof. We just need to prove that M is a Hopf hypersurface. The result then follows from 
the classification of real Hopf hypersurfaces in Cif" with constant principal curvatures 
(see [IJ). Let Ai,A2 be the two principal curvatures of M, and assume that there exists 
a point p E M such that J^p = {J^p,Ui)ui + (J^p,M2)^2 with some unit vectors Ui G 
TxXv) and 7^ {J^p,Ui). According to Lemma both Tx^{p) and Tx^ip) are real, which 
imphes JTx^ip) C Tx^ip) ® and JTx^ip) C Tx^{p) ® M,^p. Since n > 2 we can assume 
dimTxj(p) > 2. Then we have J{Tx^{p) Mmi) C Tx^^p), which implies dimTx2(p) > 
dimTAi(p) — 1. But U2 ^ J(Tx^{p) Rmi) because of {u2, J^p) 7^ 0, and thus we have 
dimTA2(p) > dim Txj^{p). The previous equality implies dimT\2(p) > 2, and an analogous 
argument yields dim Ta^ (p) > dimTA2(p). Therefore, dimTxj^{p) = dimTA2(p). This implies 
that dim TpM = dimTAj(p) + dimTA2(p) is even, which contradicts dimM = 2?2 — 1. □ 




VxY+{SX,Y)^, 
-SX, 

RxYzw - {SY, Z) {SX, W) + {SX, Z) {SY, W) 
{{VxS)Y -{VyS)X,Z). 



Lemma 2.1. For all X e V {Tx^) , Y e T{Tx^) and Z G r(rAj we have 
RxYZi = (A, - Xk){VxY, Z) - {X, - Afe)(VyX, Z). 



6 JURGEN BERNDT, JOSE CARLOS DIAZ-RAMOS 

Putting Aj = Afc in Lemma f2. II and then interchanging Y and Z yields 
Lemma 2.5. For all X,Y & r(Tx.) and Z G r{Tx.) with Aj 7^ Xj we have 

4(A, - \i){VxY, Z) = {JY, Z){X, JO + {JX, Y){Z, JO + 2{JX, Z){Y, JO- 
Corollary 2.6. For all X G r(rAj with {X, JO = we have V xX G r(rAj. 

The following equation is a consequence of the GauB and Codazzi equations and will 
used later to obtain some relations among the principal curvatures. 

Lemma 2.7. For all unit vector fields X G T{T\^) and Y G V{T\^) with Aj 7^ Aj we ha\ 

= (Aj-Ai)(l-4AiA,+2(JX,F)2 + 8(Vx>^,VyX)-4(VxX,Vyy)) 

+4(jx,r)(x(r,J0 + r(x,J0) 

+ JO (3r ( JX, Y) + (VyX, JY) - 2{VxY, JY)) 
+ JO {SX{JX, Y) - {VxY, JX) + 2{VyX, JX)) . 
Proof. The GauB equation implies 

^RxYYx = (4AiA, - 1) - 3( JX, Y)\ 
On the other hand, the definition of R yields 

RxYYx = (VxVyF- VyVxV-- V[x,y]>^,X) 

= X(Vyr, X) - (VxX, VyY) - Y{VxY, X) 
+ {VxY,VyX)-{V[x,y]Y,X). 

From Lemma [2.51 we get 

4(Aj-A,)x(Vyr,x) = 3(r,JOx(jx,r) + 3(Jx,r)x(r,JO, 

A{X,-X,)Y{\/xY,X) = 3{X,JOY{JX,Y)+3{JX,Y)Y{X,JO. 
Next, using the Codazzi equation and the algebraic Bianchi identity, we get 
{\,-Xi){Vixx]Y,X) 
= {{V[x,Y]S)Y,X) 
= {{VyS)[X,Y],X)+R[x 

= ((VyS) X, VxY) - {{VyS) X, VyX) + Rlx,Y]YXi 

= {{VyS) X, VxY) - {{VxS) Y, VyX) - Ryxv^x^ + R[x ,Y]YXi 
= {X,-Xj){VxY,VYX) + Ry xVYX^ + RxS/yXY^ 
= iX,-X,){VxY,VYX) 

-\ {i>^i - >^j){-JX, Y)' + ( JX, Y) {X{Y, JO + Y{X, JO) 
+ (X, JO {{JY, VyX) - 2{JY, VxY)) 
- {Y,JO{{JX,VxY) -2{JX,VyX))') 
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Altogether this imphes the lemma. □ 
3. The ruled minimal submanifolds W^^n-fe 

In this section we present a characterization of the ruled minimal submanifolds W'^"'~^, 
k E {1, . . . ,n — 1}. Let KAN be an Iwasawa decomposition of SU {l,n) and o G Cif" the 
fixed point of the action of K on CH"'. Then AN acts simply transitively on C/f " and we 
can identify CH" with the solvable Lie group AN equipped with a suitable left-invariant 
metric. This induces an inner product on the Lie algebra a © n of AN. There is a natural 
decomposition of the Lie algebra n = 3 © of A^, where 3 is the one-dimensional center of 
n and D is the orthogonal complement of 3 in n. The Kahler structure on Cif " induces a 
complex structure i on the vector space D, so that D becomes isomorphic to the complex 
vector space C"~^. Let tx) be a linear subspace of D such that the orthogonal complement 
tD-*- of ro in is a real subspace of dimension k. Then s = a©3©raisa subalgebra 
of a © n, and the orbit through o of the closed subgroup S of AN with Lie algebra s is 
holomorphically congruent to the ruled minimal submanifold W"^^'^. 

Let rt)c be the maximal complex subspace of tt), that is, the orthogonal complement in ro 
of ivo-^. Then we have an orthogonal decomposition tt) = rDc©^^'"'"- The subspace a©3©tt)c 
is a subalgebra of a © n, and the corresponding Lie subgroup of AN induces a foliation 
of iy2n-fc totally geodesic £,H^~^ c Cif". The subspace a © ^in-'- is a subalgebra of 
a © n, and the corresponding Lie subgroup of AN induces a foliation of W'^^~^ by totally 
geodesic R/7'^+^ C Cff". Moreover, the subspace ixv-^ is a subalgebra of a © n, and the 
corresponding Lie subgroup of AN induces a foliation of ly^""'^ by Euclidean spaces M'^ 
which are embedded in the real hyperbolic spaces M.H^^^ as horospheres in the usual way 
as totally umbilical submanifolds with parallel mean curvature vector. 

The procedure for the computation of the Levi Civita connection for a left-invariant 
Riemannian metric on a Lie group is well-known and allows us to calculate the second 
fundamental form // of W'^"'~^ in an elementary way via the GauB formula. Using for 
instance the expression for the Levi Civita connection of AN given in [H], p. 84, shows that 
// is determined by 

Veetr^:2//(Z,^0 = e, 
where Z G 3 is a unit vector with a suitable orientation, and Z, ^, are viewed as left- 
invariant vector fields on AN. In other words, let ^ G tv^ be a unit normal vector field 
of iy2n-fc_ xhen the principal curvatures of W'^"'~^ with respect to ^ are 0, |, — | with 
multiplicities 2n — k — 2,1,1, respectively, and the principal curvature spaces with respect 
to ±1 are spanned by Z ± i^. This clearly shows that W'^'^~^ is a minimal submanifold of 

We will now show that this second fundamental form characterizes W'^^~^ among all 
{2n — A;)-dimensional submanifolds of Cif" with totally real normal bundle. 

Theorem 3.1. Let M he a {2n — k)- dimensional connected submanifold in CiJ", > 3, 
with totally real normal bundle vM C TCH"'. Assume that there exists a unit vector field 
Z tangent to the maximal holomorphic subbundle of TM C TCH"^ such that the second 
fundamental form II of M is given by the trivial bilinear extension of 2II{Z, JC,) = ^ for 
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all ^ G r(z/M). Then M is holomorphically congruent to an open part of the ruled minimal 
submanifold ly^""^. 

Proof. We will show the following: 

(i) The maximal holomorphic subbundle D of TM is integrable and each integral 
manifold is an open part of a totally geodesic CiJ""'^ C Cif"; 

(ii) The totally real subbundle MJZ © J{vM) of TM is integrable and each integral 
manifold is an open part of a totally geodesic Mif'^"'"^ C Cif"; 

(iii) The totally real subbundle J(z/M) of TM is integrable and each integral manifold 
is an open part of a horosphere in a totally geodesic nH^+^ C Ci/". 

The rigidity of totally geodesic submanifolds of Riemannian manifolds (see e.g. P^, p. 
230), and of horospheres in real hyperbolic spaces (see e.g. PP- 24-26), then implies the 
assertion. 

Ad (i): For U,V E 1(2)) and ^ G T{vM) we have 

{^uVJO = {VuV,JO = -{J^uV,0 = -{^uJV,0 = -{n{u,JV),o = o 

and 

{VuV,o = {n{u,v),o = o. 

This shows that D is an autoparallel subbundle of TM and each integral manifold is a 
totally geodesic submanifold of CH^. As S) is a complex subbundle of complex rank n — k, 
each of these integral manifolds must be an open part of a totally geodesic CH"'~^ C CH^. 

Ad (ii): Let X G 1(2) e RJZ) and C e r(z/M) be a local unit normal vector field of M. 
Using the GauB formula, VJ = 0, the Codazzi equation, the assumption on //, and the 
explicit expression for R we get 

{VjzJZ,X) = {VjzJZ,X) = {VjzJX,Z) = {VjzJX,Z) 

= 2{IIiVjzJX,JC)X)) = -2((Vjz//)(JX,JC),C) 
= -2{{Vjcn){JZ,JX),0-2Rjzjcjxc = 0. 
For all ^, ?7 G r(z/M) we get 

{VjzJ^,x) = {VjzJi.x) = {VjzJX,o = {n{jz,jx),o = o, 

{Vj^JZ,X) = {Vj^JZ,X) = {Vj^JX,Z) = {Vj^JX,Z) 

= 2(/J(Vj^JX,JC),C)) = -2((Vj^//)(JX,JC),C) 

(VjgJr/,X) = {Vj^Jv,X) = {Vj^JX,r]) = {Ili-J^, JX),ri) = 0. 
Finally, for all U,V e T(RJZ © J{vM)) we obviously have 

(V[7V^,C) = (//(f/,v),C) = o. 

Altogether this shows that MJZ © J{vM) is integrable and each integral manifold is a 
totally geodesic submanifold of Cif". As RJZ © J{vM) is a totally real subbundle of 
rank + 1, each of these totally geodesic submanifolds must be an open part of a totally 
geodesic RH^+^ C Cif". 
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Ad (iii): For all ^,r] e T{uM) we get 

= -{iiiz,JO.v) = -l{^,v) = -\{Ji.Jv)- 

It follows that ([J^, Jrj], JZ) = for all ^,?7 G r(z/M). Together with (ii) this implies that 
J{vM) is integrable and the second fundamental form II of an integral manifold is given 
by 

il{Ji,jTl) = -]^{Ji,Jr^)JZ. 

Thus each integral manifold is a totally umbilical submanifold with constant mean cur- 
vature 1/2 in a real hyperbolic space Rif'^"'"^ of constant sectional curvature —1/4. If 
k > 2, the classification of totally umbilical submanifolds in real hj^erbolic spaces shows 
that each integral manifold is an open part of a horosphere in M.H'^^^. If A; = 1, we have 
2Vj^J^ = 2JVj^^ = -2JSJi = -JZ and hence Wj^Vj^J^ = -2Vj^JZ = -J^. Thus 
the integral curves of satisfy the differential equation for a horocycle in Mif^, which 
implies that the integral manifolds of the distribution J{vM) are open parts of horocycles 
in □ 

For = 1 we have the following improvement: 

Theorem 3.2. Let M he a connected real hypersurface in Cif", n > 3, with three distinct 
principal curvatures 0, +1/2 and —1/2 and corresponding multiplicities 2n — 3, 1 and 
1, respectively. Then M is holomorphically congruent to an open part of the ruled real 
hypersurface W"^^'^ . 

Proof. Let p E M and suppose that the orthogonal projection of J^p onto Tq{p) is nonzero. 
Then To{p) is a real subspace of TpCH^ by Lemma [2.21 Since dimTo(p) = 2n — 3, this is 
impossible for > 3 and we must have n = 3. Since G Tf^{p) it follows that J^p G To(p). 
Since orthogonal projection onto subbundles is a continuous mapping, this must hold on 
an open neighborhood U of p in M. Therefore, f/ is a Hopf hypersurface in CH^ with three 
distinct constant principal curvatures 0, +1/2 and —1/2. According to the classification in 
PP of Hopf hypersurfaces with constant principal curvatures in Cif" such a hypersurface 
does not exist. We conclude that the orthogonal projection of the Hopf vector field JC, 
onto To is zero everywhere. 

Now define as the set of all points p G M at which the orthogonal projections of J^p 
onto Ti/2(p) and T_i/2(p) are both nonzero. Clearly, M"*" is an open subset of M. Using 
again the classification in ^ of Hopf hypersurfaces with constant principal curvatures in 
CH^, we see that M"*" is nonempty. 

Let X and Y be local unit vector fields on M with X G r(Ti/2) and Y G r(T„i/2)- Then 
we can write = aX + hY with a, 6 G M such that a^ + lP' = 1. We may assume that X and 
Y are chosen such that a,b > 0. As we have seen above, Tq{p) cannot be a real subspace 
at any point p G M. Thus there exist vector fields U,V E r(To) with {JU, V) ^ 0. Since 
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VJ = we have VuJC, = J^u^ = —JSU = 0, and thus Lemma IT^ imphes 

= U{V, JO = {VuV, JO = a{VuV, X) + b{VuV, Y) = ^(a' - b^){JU, V) . 

As {JU, V) ^ this gives = 6^ and hence a = b = 1/ ^/2. This shows that is a closed 
subset of M. As M"*" is open and nonempty, we see that = M. In particular, the length 
of the orthogonal projections of the Hopf vector field J^ onto T1/2 and T_i/2 is constant 
and equal to 1/a/2. We now define Z = a(X — Y). Then the second fundamental form of 
M is of the form as in Theorem 13.11 and the result now follows from that theorem. □ 

4. Principal curvatures 

Let M be an orientable connected real hypersurface of Cif" and ^ a global unit normal 
vector field on M. We assume that M has three distinct constant principal curvatures Ai, 
A2, A3 and denote by the multiplicity of Aj. If M is a Hopf hypersurface, it was shown 
in PP that M is an open part of a tube around a totally geodesic CH'' C Cif" for some 
k e {1, . . . ,n — 2}, or of a tube with radius r 7^ ln(2 + -\/3) around a totally geodesic 
Mif" C C-ff". We can therefore assume that M is not a Hopf hypersurface. Then there 
exists an open subset of M on which at least two of the three orthogonal projections of 
the Hopf vector field onto the principal curvature distributions T^. are nontrivial. 

In the first part of this section we will prove that there cannot be three nontrivial 
projections. We then derive some equations relating the principal curvatures and obtain 
some geometrical information about the principal curvature distributions. 

Lemma 4.1. Assume that there exists a point p e M such that J^p = 'Y^biUi with some 
unit vectors Ui G Tx^{p) andO 7^ 6j G M, i = 1, 2, 3. T/ien M^p©Mui©Mu2©]Rm3 is a complex 
suhspace of TpCH"' and, by a suitable orientation of Ui,U2,U3, we have bi = {Juj,Uk) for 
all cyclic permutations {i,j, k) of (1, 2, 3). 

Proof. According to Lemma 12. 2t each of the three principal curvature spaces {p) is a 
real subspace of TpCH"-. Thus we can write 

3 3 
Jui = ^{Jui, Uj)uj + ^ Wij - bi^p, (1) 
i=i i=i 
with some vectors Wij G T\^{j)) Q Rwj, Wu = 0. Then we have 

3 

0= {ui,Q = {Jui,JQ =^bj{Jui,Uj), (2) 

i=i 

and hence 

3 3/3 \ 

-^P = J'^ip = J{Jip) = ^biJui = ^ I ^biWij j - ^p. 

i=l j=l \t=l / 

This implies Yl^=ibiWij = for all j G {1,2,3}. Thus for each j G {1,2,3} the two 
vectors Wij with i ^ j are either both zero, or both nonzero and collinear. From (^J) and 



REAL HYPERSURFACES WITH CONSTANT PRINCIPAL CURVATURES 



11 



Jip = biUi, we therefore see that Mui © Ru2 © Mus © Rwi2 © Mu^aa © ^w^i © R^p is a 
complex subspace of TpCH^. As the real dimension of a complex vector space is even, at 
least one of the three vectors wu, W23, W31 must be zero, say W23 = 0, which implies also 
Wi3 = 0. Moreover, for dimension reasons, the vectors Wu, W31 are either both zero or 
both nonzero. Then, using (^, we get 

= {Ui,Wi2) = {JUi,JWi2) = -{JUi, Us) {1032,1012), 
= {u2,W2l) = {JU2,JW21) = -{JU2,U3){w3i,W2l). 

If W12, W31 are both nonzero, then W32, W21 are nonzero as well, and we get {Jui,U3) = 
= {Ju2,U3) using the collinearity of wu, W32 and W31, W2i- From (j2)) we then get 
{Jui,U2) = as well. This implies Jui = W12 — hi^p and hence &iJ^p = ui + Jwi2. As 
Tx^ip) is a real subspace of TpCif", the previous equation shows that J^p G Txj^{p)®Tx^{p), 
which contradicts the assumption on J^p. Hence 1^12, 1031 are both zero. Altogether this 
shows that Rui © M.U2 © Mua © M^p is a complex subspace of TpCH'"-. 

Finally, solving the system of equations (HJ, we see that the vector (6i,&2,&3) is in the 
real span of {{Ju2,U3), {Ju3,ui), {Jui,U2)). From h\ + h\ + h\ = 1 and ([T]) we get 
3 3 

3 = = ^{JUi, JUi)"^ = 2(^(Jm2,M3)^ + (Jn3,ui)^ + (Jmi,M2)^) + 1. 

i=l i=l 

Thus {{Ju2, U3), {Jus, Ml), {Jui, U2)) is a unit vector in R'^, and the lemma now follows. □ 

Lemma 4.2. Assume that there exists a point p G M such that the orthogonal projections 
of J^p onto Tx-{p), i = 1,2,3, are nontrivial. Then we have 

{2Xi{Xi-\)-l){Jwi,Wj) = Q 

for all distinct i,j G {1, 2, 3}, Wi G TxXp) © I^'^j (^''^d Wj G Tx^{p) © Mwj. 

Proof. By continuity, the orthogonal projections of onto Tx^, i = 1,2,3, must be non- 
trivial on an open neighborhood of p in M. The following calculations hold on this open 
neighborhood. It follows from Lemma l4. II that there exist unit vector fields U,, G r{Tx^) 
such that = '^hylly with = {JUfj,,Up), where (z/, /i,p) is a cyclic permutation of 
(1, 2, 3). We note that S) = TM © {RUi © RU2 © RU3) is a J-invariant subbundle of TM 
by Lemma [4. 11 

In the following we denote by and vector fields with values in Tx^ flS = Tx^ ©Mf/^, 
z/ = 1,2,3. Using VJ = and the Weingarten formula we get Vwi-J^ = J^Wi^ = 
—JSWi = —XiJWi. Since Tx- is real, and using Lemma ITHl we get 

3 

= W^{W„ JO = b-^i^w.W,, U,) + {W„ Vw.JO = h{VwM, u,). 

u=l 

Hence, (S/wiWi, Ui) = 0. As Tx^ is real and 2) is complex, we can write JWj = Wi + Wk 
with k 7^ i,j. Then, using {Vy/.Wi, Ui) = 0, Lemma (2.51 and the fact that Tx, is real, we 

get _ _ _ 

{VwJU,, W,) = -{WwM, JWj) = {Vw.Wi, U,) - {WwM, Wk) = 0. (3) 
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Next, Lemma f2.5l implies 

= W,{W„J0 = J2^u{Vw.W„U,) + {W„Vw.J0 

V 



2(A. - A,) 



On the other hand, replacing JUi by 'Yl,v{JUi,Uy)Uy — bi^ and using (3) we get = 
Wi{Wj, JUi) = Eu{JU^, U,){VwW,, U,) and hence 

= bt,{VwW,, Uj) - b,{VwW„ Uk). 

The last two equations provide a system of linear equations with unknowns (Viy^VTj, Uj) 
and {Vw^Wj, Uk). This linear system has a unique solution which is given by 

(V^-.l^.. U.) ^ ^|^#LZ^(,M/,. W,) W / >). (4) 

As Tx- is real, we have {JWi, Wk) = {JWi, JWj) = 0, and using Lemma IT^ and equation 
(jlj) (with j and interchanged) we get 

{VwWj, JUk) = {Vw.Uk, JW,) = ~{VwW,, Uk) - {VwM, Uk) = 0. 
Replacing JUk by J2,y{JUk, Uy)Uy — bkC,, this implies 

= (VwW^JUk) = Y,{^wW„U,){JUk,U,), 



from which we easily get 



{Vw.W,, U,) = ^^^A_(jp7^, w,) 



by using Lemma 12.51 once again. By comparison of this equation with equation Q for 
u = j we eventually get the result. □ 

Proposition 4.3. If n > 3, then there exists no point p & M such that the orthogonal 
projections of J^p onto Tx-{p), i = 1,2,3, are nontrivial. 

Proof. As n > 3, the complex vector space Dp = 0j(Tx^(p)0M'Uj) has dimension > 1. Since 
each Tx.{j))Q'R.Ui is real, there exist i ^ j such that ( Jwj, Wj) ^ for some Wi G TA.(p)0MMi, 
Wj e Taj. (p) 0M-Uj. From Lemma we therefore get 2Ai(Ai — Aj) — 1 = 2Aj(Aj — Aj) — 1 = 0, 
and thus Af = A| = 1/4. This argument shows that Tx^{p) Q M.Uk must be trivial, that is, 
the third eigenvalue A^ has multiplicity one. Since the eigenspaces are real it also implies 
that J{TxXp) e Ru,) = Tx^{p) e Mu,-. 
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Let Wi G r(TA- M.Ui) be a unit vector field which is defined in an open neighborhood 
of p in M, and define Wj = JWi G ^{T\^ Q Rf/j), where U^, is as in the previous proof. 
Applying Lemma EZI to Wi and Wj, and using Corollary ESI we obtain 

3 - 4A,Ai + 8(Viy,iy,-, Vw,W^) = 0. 

We have VwWj G T{Tx^ © RUi © RUk) and VvF,-VFi G T{Tx^ © Mf/,- © RUk) by Lemma ITHl 
and therefore (Vwi^j^'^Wj^i) = '^iy{'^WiWj,U^){VwjWi,U^). The latter sum can be 
calculated easily by using Lemma 12.51 and equation (jH) . Using the fact that 4A^ = 4A| = 1 
this gives 4(Viy^W^j, Vwj^i) = 1. Inserting this into the above equation yields 5 — 4AjAj = 
0. From 4Af = 4Aj = 1 and Aj ^ Xj we know that 4AjAj = —1, which gives a contradiction. 
Therefore there exists no point p E M such that the orthogonal projections of JC,p onto 
Tx-{p) are nontrivial. □ 

Lemma 4.4. Assume that there exists a point p E M such that J^p = hiUi + 62^2 with 
some unit vectors Ui G TxXp) o,nd 7^ 6j G M, i = 1, 2. Then there exists a unit vector 
a G [p) such that R^p © Rui © Ru2 © Ra is a complex subspace of TpCH"" and, by 
a suitable orientation of a, we have bi = {Ju2,a), 62 = —{Jui.a), {Jui,U2) = and 
Jui = {—lybja — biS, with distinct i,j G {1, 2}. 

Proof The eigenspaces Tx^ (p) and Tx^ (p) are real subspaces of TpCif " by Lemma 12.21 
Therefore we can write 

JUi = {JUi,U2)u2 + W12 + Wis - bi^, 
JU2 = {JU2,Ui)ui + W21 + W23 - b2^, 

with W21 G Tai(p) © Rui, W12 G Tx^ip) © ^^2, and ^13,^23 ^ Tx^ip)- Hence, 
-^P = J'^^p = J{J^p) = biJui + b2Ju2 

= b2{JU2,Ui)ui + bi{JUi,U2)u2 + 62^21 + &lWl2 + (^1^13 + - ^p- 

This shows that {Jui,U2) = 0, Wi2 = W21 = and 611^13 + 62^^23 = 0. As 61,62 7^ 0, the 
vectors W13, W23 are either both zero or both nonzero. If W13 = W23 = 0, then Jui = —bi^p 
and Ju2 = — 62^p, which is impossible. Hence W13, W23 are both nonzero and coUinear. Let 
a be a unit vector in Rwi3 = RW23 C Tx^ip)- Since Jwis = biJ^p — ui E Rui © Ru2 we get 
Ja G Rui © Ru2, which shows that RC,p © Rui © Ru2 © Ra is a complex subspace of TpCH"^. 
The two vectors Ja, J^p G Mmi©Mm2 are orthonormal and J^p = biUi + b2U2- Therefore, by 
a suitable orientation of a, we can write Ja = 62^1 — biU2- As Ja = {Ja, Ui)ui + {J a, U2)u2, 
the result now follows. □ 

In view of Proposition 14. 31 we can assume from now on that there exists an open subset of 
M on which the orthogonal projection of onto is trivial. The following calculations 
are done on this open subset. It follows from Lemma [4.41 that there exist unit vector fields 
Ui G r(TAj, U2 G T{Tx^) and A G r(TA3) such that 

J^ = biUi + b2U2 , JU, = {-1)%A - {^ 7^ j) , 
61 = {JU2,A) , 62 = {JA,Ui) , {JUi,U2) = 0. 
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Below we will use these relations frequently without referring to them explicitly. Moreover, 

D = TM e (Mf/i © RU2 © RA) = (Tx, © Mf/i) © (Ta, © Rf/2) © (rA3 © RA) 
is a J-invariant subbundle. 

Lemma 4.5. For i,j G {1, 2} mi/i i j we have 

V^A = 0. (9) 

Proof. Let Wi G r(TA, © Mf/i), Wj G r(TA^ © and W3 G r(TA3 © RA). Since [/^ has 
constant length, we have {Vu^Ui, Ui) = 0. From Lemma [2.51 we easily get 

{Vu.U,,U,) = {VuA.W,) = {Vu.U,,Ws) = , {VuA,A) = {-ly^^^^^A. 

As Ta- is real, we have (W^j, V^/. J.^) = {Wi, JVuiO = —^{Wi, JUi) = 0, and using Lemma 
12.51 once again we then get 

= U,{W„JO = {^uWi,JO + {Wi,VuJO 

Since bi 7^ 0, this implies (Vc/.PFj, Ui) = 0, and equation (jSJ now follows. 

Since Uj has constant length, we have (Vu^Uj, Uj) = 0, from (0) we get (Vf/.f/j, Ui) = 0, 
and Lemma 1231 implies {Vu,Uj,Wi) = -{VaWi,Uj) = 0. Let u G {j,3}. Using © and 
(W^., Vc/, JO = {W,, JVu^O = -MW,, m) = we get 

= Ui{w,, JO = {^u.w,, JO + {Wu, Vu.JO = &i(Vc/,iy„ u,), 

which gives {Vu,U„W,) = 0. Finally, = Ui{JU^,Uj) = {VuJUi,Uj) + {JUi,Vu.Uj) = 
— {Vu^Ui, JUj) + {JUi,'VuiUj). Replacing now JUi and JUj by the corresponding expres- 
sions in terms of A and ^ we obtain 

Altogether this now implies equation 

Since A has constant length, we have {Vu^A,A) = 0. For z/ G {1,2,3} we get = 
U,{JU„ W,) = {VuJUi, W,) + {JUi, Vvy^v) = -{VuA, JWu) + {JU,, S/u^Vu). The first 
term vanishes because of equation (0). For the second term we replace JUi by {—lyhjA — 
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hi, which leads to = (Vc/^A, WS). It follows that Vu,A = (V^/^A, Ui)Ui + (V[/,A, Uj)Uj, 
which allows to determine equation ((Tj) from equations (0) and ©. 

Since Ui has constant length, we have (SI AUiiUi) = 0, and from Lemma 12.51 we get 
{VAUi, A) = -{VaA, Ui) = and (V^t/i, W3) = -{VaWs, Ui) = 0. Using LemmaOand 
dZj) we obtain = RAUiW^i = - ^j){'^AUi, Wj) and hence {V AUi, Wj) = 0. Using this 
equality (with i and j interchanged) we get = A{Wi, J^) = (VaW^j, JO + ^aJO = 
bi{VAWi,Ui), which yields {VAUi,Wi) = 0. Thus we have V^f/^ = {VAUi,Uj)Uj. The 
latter inner product can be calculated by using the explicit expression for R, Lemma 12.11 
and (|7j) from 

- 26?) = Rau.u,^ = {X^ - \j){VaU., U,) - (A3 - A,)(-l)^ (^A, + ^^^^^^j • 

Altogether this now gives equation (jH)). 

Since A has constant length, we have {VaA,A) = 0. Let u G {1,2}. From (jHJ we 
get {VaA, Uy) = 0, and from Lemma 12.51 we get {VaA, W^) = 0. Next, we consider 
= A{m,Ws) = {VAm,W,) + (JU^VaW^) = -{VAUi,JW,) + (JU^VaWs). The 
first term vanishes because of (jH)), and in the second term we replace JUi by its expression 
in terms of A and ^ to obtain = {VaA, W3). This eventually implies equation Q. □ 

Corollary 4.6. The integral curves of A are geodesies in M and the three vector fields 
A,Ui,U2 span an autoparallel distribution S)-*-, that is, S)-*- is integrable and its leaves are 
totally geodesic submanifolds of M. 

Corollary 4.7. The principal curvatures Ai, A2, A3 and the functions bi, 62 satisfy the equa- 
tion 

= 3((A3 - \2fbl + (A3 - Xifbl) + (A3 - Ai)(A3 - A2) (1 + 4A2(A3 - Ai) + 4Ai(A3 - A2)) . 

Proof From LemmaOwe get 1= iRu.u^A^ = 4(A2-A3)(Vc7,f/2, A)-4(Ai-A3)(Vt/2f/i, A). 
The assertion then follows by using equation ©. □ 

Lemma 4.8. If i E {1, 2} and mi > 1, then AX^Xi = 1. 

Proof. Let Wi G ^{Tx- Mf/j) be a local unit vector field. Applying Lemma 12.71 with 
X = Wi and Y = A, and taking into account Q, yields 

= 1- AXsK + SiVwA^AWi). 

We thus need to prove {Vw,A,VAWi) = 0. From © and © we see that VaW^ G r(D), 
and Lemma 1^31 shows that VaW^j is perpendicular to Tx^ fl T). From Lemma IT^ we also 
see that Vvk^^ is perpendicular to Tx- fl 2). It thus suffices to prove that (Vvy^A, Wj) = 
for all Wj G T{Tx^ n D), where j G {1, 2} with j i. 

Let u,fie {1, 2} withj/ ^ /i. Then = Wi{U^,, JWj) = {Vw^U^, JWj) + {U^, VwJWj) = 
{VwMu, JWj) - {JU„ VwWj). As JU, = {-l)''b^A - b,i, this implies 

{VwW,,A) = t^iy^^u,,JW,). (10) 
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As Tx^ is real, we can write JWj = Wi + W:i with Wi G T{Tx^ Q MJi) and G r(TA3 e 
RA). We have {Ww.U,,%) = and = W,{%,Ji^= {^wW^.J^) + {m.^wji) = 
bi(SwiWi, Ui) by Lemma which imphes {VwJJv^ Wi) = and hence {VwiUu, J^j) = 
(Vw.U^jW^). From = W,{m, JO = {^wM,JO + {W3,VwJ0 = k{Vw^Vs,U,) + 
bj{VwW3, Uj) - \i{JWi, Wj) we obtain 

by using Lemma f2. 51 From the same lemma it follows that 
Taking into account the last two equations, (|T0|) becomes 

This readily implies Aj(JWj, W3) = 0. Since at least one of the two eigenvalues Ai, A2 must 
be nonzero, it follows that {JWi, W^) = or {JWi, W^) = 0. From (HH) we thus see that 
{Vw,Wj,A) = or {VwjWi,A) = 0. But from Lemma we know that 

= Rw.w.A^ = (A, - X3){Vw.Wj, A) - (A, - X3){Vw,Wi, A), 

which implies that {Vw^Wj, A) = in both cases. This finishes the proof. □ 

From Lemma [4.81 we immediately get 

Corollary 4.9. mi = 1 or m2 = 1. 

According to Corollarv 14.91 we may assume that m2 = 1, that is, = M.U2. We will 
now distinguish the two cases mi > 1 and mi = 1. 

Case 1: mi > 1. Then we have 4A1A3 = 1 by Lemma Ol and J{Tx^ Q RUi) C Tx., Q RA 
because Tx, is real. Let Wi G T(Tx,eRUi) and W3 G r(TA3eMA). Then = Wi{W3, = 
{Vw,W3,J0 + {W3,Vw,J0 = bi{Vw,W3,Ui) + b2{Vw,W3,U2) - Xi{JWi,W3). Using 
Lemma [2.51 this implies 

W3) = (^ ^^^^[ + Ai^ {JWi,Ws). (12) 

Next, using JU2 = biA-b2^, we get = 1^1(1^1, JU2) = {Vw.Wi, JU2) + (W^i, Vw^^ Jf/2) = 
(yWiUi, JWi) + &i(Wi, VvFi^) — b2{Wi, VwiCl- We now assume that Wi has length one. 
Using Corollarv 12.61 this implies 

(Vh/,?72,JW^i) = -&2Ai. (13) 

Comparing ^ with = JWi and (0, and using 6^ + 62 — 1; implies 2Ai(Ai — A3) — 1. 
Together with 4A1A3 = 1 this implies Ai = V3/2 and A3 = a/3/6, where we assume that 
the orientation of ^ is such that A3 > 0. 
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We now apply Lemma IT7I with X = Wi and Y = U2, and use Corollary 12.61 and (0), to 
obtain 

= ( A2 - Ai ) ( 1 - 4 Ai A2 + 8 ( Vm/i , Vc7, VTi ) ) - 62 ( V w., f/2 , JlVi ) + 262 ( Vc7, W^i , JlVi ) . ( 14) 

Using Lemma EHl we easily get VW1U2 G r(TA3), and ((Zj) shows that {'VU2W1, A) = 0. 
From (fT^ we thus get 

{Vw,U2,Vu,W^) = {Vw,U2,JW,){Vu,W,,JW,). (15) 

From Lemma inland (fT!?|) we obtain 62 = 4:Ru2WiJWi^ = 4(Ai - X3){Vu2^i, JW^i) +4(A2 - 
A3)62Ai and hence 

{Vu^W,, JW,) = —-^^—{1 - 4Ai(A2 - A3)) = &2Ai(l - 2A1A2). (16) 

Inserting ^ and ^ into (UH) yields 

= 12(36^ - 1)A^ + 4^3(2 - 96^)A2 + 3(96^ - 1). 

On the other hand, inserting the above particular values for Ai and A3 into the equation 
in Corollarv 14 .71 and replacing bf hj 1 — b"^, yields 

= 12(96^ + - 4^3(2 + 96^)A2 - 3(96^ - 1). 

Adding up the previous two equations gives A2(2A2 — V^) = 0. As A2 7^ Ai = V3/2 we 
therefore get A2 = 0, which implies 63 = 1/9 and bf = 8/9. 

Case 2: mi = 1. In this case we have Tx^ = RUi, and Tx^ RA = S) is a J- 
invariant distribution. Let W3 G r(D) be of unit length. We have = ^3(7^3,7^) = 
JC,) + {JWsyVwsJO ^ applying Lemma Em this yields 

(A3 - \2)bl + (A3 - \i)bl + 4A3(A3 - Ai)(A3 - A2) = 0. (17) 

Together with bl + b"^ = 1 this implies 

= Y^(1 + 4A3(A3-A,)) (^,JG{1,2}, z^j)- (18) 

Aj — Ai 

Inserting these expressions for bf and 63 iiito the equation in Corollary 14. 71 yields 

(Ai - A2)' - (Ai + A2 - 4A3)' = 1 - 4A^. (19) 
We now apply Lemma (2.71 with X = W3 and Y = Ui, which gives 

-biiVwsU,, JWs) + 2bi{VuWs, JWs). 

Let ij G {1, 2} and i ^ j. Then we have = WaiU^, = {^w,Ui, + {Ui, Vw^Jt) = 
bj{Vw,Ui, Uj) and hence {VwgUi, Uj) = 0. For W3 G r(S)) we have A{X3-Xi){Vw,Ui, W3) = 
4(A, - X3){Vw,Ws, U,) = bi{JW3, W^) and {Vw.U,, A) = -{Vw-A. Ui) = by LemmaO 
Altogether this gives 4(A3 — Xi)VwiUi = biJW^, and together with © equation ((201) '^o* 
becomes 

= 4(A3 - A,)2(l - 4A,A3) - 12(-l)*6i62(A3 - X,){VwsW3, A) + bj. 



(20) 
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Multiplying this equation with A3 — Aj, then adding the two equations for z = 1 and z = 2, 
and then using (fTTj) yields 

4A3(1 + A? + A^) - (Ai + A2)(l + 4A2) = 0. (21) 

If A3 = 0, we immediately get Ai,A2 G {±1/2} from (fT^ and (PT|) . From now on we 
assume A3 7^ 0. If we put a; = Ai — A2 and y = Ai + A2 — 4A3, equations (fT^ and (|?H) are 
equivalent to 



_ 1 - 12A^ V _ 1 + 16A| 

3' " ) - i6Ai • 



Obviously, these are the equations of a hyperbola and a circle. It is straightforward to 
calculate their common points, namely 



.a:,Z/)=^±V'l-3Ai, -A3j and 1/) = (±4^ , 

where the first possibility only arises if 3A3 < 1. Taking into account that Ai and A2 are 
different from A3, this eventually implies 

1 / , I :7\ , 1 



Ai = - [?>\, -^Jl- 3AiJ , A2 = - [?>\, + y'l - ?>\lj (22) 

where we assume without loss of generality that Ai < A2. Obviously, we get a solution 
only if 3 A3 < 1. If IA3I = 1/2 or IA3I = 1/v^, then the three principal curvatures cannot 
be different. Suppose that 1/2 < IA3I < 1/^3. From jllj) and ^ we get 

2A3(A3 - v^T^SaI) ^ 2A3(A3 + v^r^SAi) ~ 



If 1/2 < IA3I < l/-\/3, elementary calculations show that < 2A3(A3 — a/1 — 3A|) < 1 
and < 2 A3 (A3 + a/1 — 3A|) < 1. Therefore the last equation is the equation of an ellipse 
centered at the origin and with axes of length less than 1. Obviously such an ellipse has 
no points of intersection with the circle h\ + h1 = 1. This shows that IA3I < 1/2. 
We summarize the discussion in this section in 

Theorem 4.10. Let M he a connected real hypersurface in Cif", > 3, with three distinct 
constant principal curvatures Ai, A2, A3, and suppose that M is not a Hopf hypersurface. 
Then, with a suitable labelling of the principal curvatures, we have = hiUi + 62f^2 with 
some real numbers 61,62 > 0, where Ui denotes the orthogonal projection of onto Tx- 
normalized to length one. There exists a unit vector field A e T{Tx^) such that J A = 
h2Ui - hiU2. The subbundle RUi © RU2 is real, and the subbundle RA © RUi © RU2 © R^ 
is complex. Moreover, m2 = 1 and one the following two cases holds: 

(i) mi > 1, Ai = V3/2, A2 = 0, A3 = V3/6, hi = 2V2/3, 62 = 1/3, the subbundle 
Tx, eRUi IS real, and J{Tx, QRUi) C rA3. 
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(ii) nil = I, -1/2 < A3 < 1/2, Ai = i(3A3 - ^1 -3Ai), A2 = ^(SAs + y/l-3Xl), and 
= ^^(1 + 4A3(A3 - A,)) (z, J G {1, 2}, z^j). 

5. Proof of Theorem 11.11 

In this section we prove Theorem 11.11 Let M be a connected real hypersurface in CH"^ 
with three distinct constant principal curvatures. If M is a Hopf hypersurface, it was 
shown in jl] that M is an open part of a tube around a totally geodesic CH'' C Cif" for 
some /c e {1, . . . , n — 2}, or of a tube with radius r 7^ ln(2 + a/3) around a totally geodesic 
M.H"' C CH^. We can therefore assume that M is not a Hopf hypersurface. Then M must 
satisfy one of the two possibilities described in Theorem I4.1UI The result will follow from 
a thorough investigation of the possible focal sets and equidistant hypersurfaces of M by 
means of Jacobi field theory. 

For r G M we define the smooth map : M — s> CiJ", p 1— > ^^{p) = expp(r^p), where 
expp is the exponential map of Cif" at p. Geometrically this means that we assign to 
p the point in Cif" which is obtained by travelling for the distance r along the geodesic 
Cp(t) = expp(t^p) in direction of the normal vector C,p (for r > 0; for r < one sets off in 
direction —^p] and for r = there is no movement at all). For v G TpM we denote by By 
the parallel vector field along the geodesic Cp with -B^,(0) = v, and by (y the Jacobi field 
along Cp with (^{0) = v and C(0) = —SpV. Note that Q is the unique solution of the linear 
differential equation 

4C - - 3(C., Jcp)Jcp = , C.(0) = V , C:(0) = -SpV, 

where Cp denotes the tangent vector field of Cp and the prime ' indicates the covariant 
derivative of a vector field along Cp. For v G Tx.{p) we have the explicit expression 

Ut) = fi{t)By{t) + {v, Ji)gi{t)Jcp{t) 

with 

fiit) = cosh(t/2) - 2AiSinh(t/2), 

Qiit) = (cosh(t/2) - 1) (1 + 2 cosh(t/2) - 2Xi sinh(t/2)) . 

Finally, we define a vector field rj^ along the map by 77^ = Cp{r). The relation between 
the map the vector field rj^ and the Jacobi field (y is given by 

C.(r) = $> , C(r) = Vyf, 

where $^ denotes the differential of The singularities of are focal points of M and 
can be calculated using Jacobi fields from the equation Cy{r) = We will see that 

in case (i) of Theorem I4.1(JI there exists a particular distance r at which the map has 
constant rank 2n — mi, which means that the image of forms locally a submanifold of 
codimension mi. In case (ii) of Theorem 14. lUI there exists a particular distance r at which 
the map has constant rank 2n — 1 and the image is locally a minimal real hypersurface. 
We then use the equation C^(r) = Vyt]^ to obtain some information about the second 
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fundamental form of these submanifolds. We continue using the notation introduced in 
Section m 

Case 1: mi > 1. We define Ui = {Ui)p and r = ln(2 + y/S). For v E TpM we denote 
by Vi the orthogonal projection of v onto Tx.{p). Using the equation $^t> = Ci)(^) and the 
explicit expression for the Jacobi fields, we obtain 

+ {V2{vi, ui) + (2 + aVQ) {v2, U2))Bu, (r) . 

This shows that = if and only if f G T\^(j)) Mmi. Therefore the rank of is 
constant and equal to 2n — mi. This means that for every point in M there exists an 
open neighborhood V such that W = $^(V) is an embedded submanifold of Cif" and 
: V — >■ W is a submersion. Let p eV and q = ^^{p) E W. The above expression for 
the differential of shows that the tangent space TgW of W at g is obtained by parallel 
translation of Tx.^{p) ©Mmi ©Mm2 along the geodesic Cp from p = Cp(0) to g = Cp(r). Hence, 
the normal space UqW of W at g is obtained by parallel translation of M^p © (T^^ (p) © Mmi) 
along Cp from p to q. This shows in particular that W has totally real normal bundle. 

Clearly, rjp = B^^{r) is a unit normal vector of W at q. For the shape operator 5'' of W 
we have S'^r$'^f = — (Vi,?]^')^ = — (C(?"))''', where {-Y denotes the component tangent to 
yy. Using the explicit expression for the Jacobi fields we easily get 

S';.5,3(r) = for all E TxM- (23) 

Moreover, S^r leaves M-B^^ (r) © M^Bu^ (r) invariant and has the matrix representation 

]_f AV2 -7 \ 
18 V -7 -4v^ J ' 

with respect to Bui{r)^ Buiir). Since 3JAp = ui — 2\/2u2 and SJ^p = 2y/2ui + U2, the 
above matrix representation yields 

2S;.BjA, (r) = Jfp , 25;. Jr/^ = Bja, (r) . (24) 

As JivqW © ffi?7p is contained in the parallel translate of Tx^^p) along Cp from p to q, 
and the hnearity of S^r show that 

2^;. Jr^ = (v;, v)BjA,{r) for all 77 G z/,W. (25) 

As a special case we get S^rJf] = for all p G V and f] E UqW © Mr^^. From the GauB 
formula and VJ = one easily gets S^Jri^ = S^^rJfj and hence 

S'-Jr]l = for all fj E VqW © (26) 

Now let 7 be any curve in ($^)~H{g}) H V with 7(0) = p. Since 77^ and r^^^-^^ — {v^(^t)^''lp)Vp 
are perpendicular, (j^ . the linearity of r/ t— > S*; and imply 
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On the other hand, with 7(t) instead of p gives 

The previous two equations show that the map p ^ BjA.{r) is of constant value z G 
TqW on the connected component Vo of fl V containing p. Note that z has 

length one because oi z = BjA^ir). For all Vi G Tx^{p) Q Mmi we have Vy^rf = C^^(r) = 
(— l/-\/2)-B^,^(r), which implies that r]** is a local diffeomorphism from Vo into the unit 
sphere in UgW. Thus ?7''(Vo) is an open subset of the unit sphere in UqW. Since depends 
analytically on t] & ^qy^-, we conclude from (j23|) and (j24|) that 

2^; Jr/ = z , 2S'^z = Jr], S^^v = for all r] G u^W, v G T^W Q J{vgW Q Rt]) Q Rz. 

Therefore the second fundamental form 11^ of W at g is given by the trivial bilinear 
extension of 2IIg{z, Ji]) = t] for all t] G t'qW. The construction of z shows that it depends 
smoothly on the point q G W. Hence there exists a unit vector field Z on W such 
that the second fundamental form //'' of W is given by the trivial bilinear extension of 
211^ {Z, Jrj) = 7] for all rj G r(i/W). From Theorem 13. II we see that W is holomorphically 
congruent to an open part of the ruled minimal submanifold |y2n-mi _ ^jj^^g have proved 
that locally M lies on a tube with radius r = ln(2+v^) around a ruled minimal submanifold 
holomorphically congruent to p^^n-mi TJ-^jg finally implies that M is holomorphically 
congruent to an open part of the tube with radius r = ln(2 + -\/3) around |y2n-mi_ 

Case 2: mi = 1. If A3 = 0, then Ai = —1/2 and A2 = 1/2, and it follows from Theorem 
13. 21 that M is holomorphically congruent to an open part of the ruled minimal hypersurface 
]y2n-i_ If < IA3I < 1/2, we can write 2A3 = tanh(r/2) with some 7^ r G M. 

Let p & M and define Ui = {Ui)p. Using the equation = Cvij) and the explicit 
expression for the Jacobi fields, we obtain 

$>3 = sech(r/2)5^3(r) for all ^3 G Tx^{p) 

and 



with 

Dit) 



&iM2(t) f2{t) + hlg2{t) 



As det(D(r)) = sech^(r/2), we can now conclude that has maximal rank everywhere. 
This means that for every point in M there exists an open neighborhood V such that 
W = $''(V) is an embedded real hypersurface of Cif" and $^ : V W is a diffeomorphism. 
Let p G V and q = G W. The tangent space TgW of W at g is obtained by parallel 

translation of TpV along the geodesic Cp from p = Cp(0) to g = Cp(r), and 77^ is a unit 
normal vector of W at q. 

For the shape operator S'^ of W we have S^^r^lv = — V^,?7^ = — C^(r). Since f^{r) = we 
immediately get 

Sl^rBy^ir) = for all V3 G Tx^ip), 
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and for and $^M2 we get 



with C{r) = —D'{r)D{r) ^. A tedious calculation shows that det(D'(r)) = — sech^(r/2)/4 
and (det(D))'(r) = 0, which implies 

, det(D'(r)) 1 , (detm))'(r) 

det c r = ^ = -- and tr c r = - \ ; ' \ ' = 0. 

^ ^ det(L'(r)) 4 ^ ^ det(D(r)) 

From this we easily see that the eigenvalues of C{r) are ±1/2. Altogether we now get that 
W has three distinct constant principal curvatures 0, +1/2 and —1/2 with corresponding 
multiplicities 2n — 3, 1 and 1, respectively. It follows from Theorem 13.21 that W is holo- 
morphically congruent to an open part of the ruled real hypersurface W'^"'~^. From this we 
eventually conclude that M is holomorphically congruent to an open part of an equidistant 
hypersurface to 

This finishes the proof of Theorem 11.11 
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